We present a simplified analytic formula that may be used to design gratings intended to couple longwave infrared radiation to surface plasmons. It is based on the theory of Hessel and Oliner (1965) . The recipe is semiempirical, in that it requires knowledge of a surface-impedance modulation amplitude, which is found here as a function of the grating groove depth and the wavelength for silver lamellar gratings at CO 2 laser wavelengths. The optimum groove depth for photon-to-surface-plasmon energy conversion was found by experiment and calculation to be ∼10%-15% of the wavelength. This value is about twice what has been reported previously in the visible spectral range for sinusoidal grating profiles.
Introduction
Gratings are key in proposed nanophotonic integrated circuits for both the incoupling of free electromagnetic waves into bound surface plasmon polaritons (SPP) and the outcoupling of SPPs into freely propagating optical fields. Proper grating design is essential in order to achieve efficient couplers that provide good beam profiles [1] . This paper considers the effects of wavelength and grating amplitude for lamellar gratings (rectangular-groove profiles) on SPP generation. Most SPP studies have been at visible and near IR frequencies, but long-wave IR (LWIR) is emphasized here [2, 3] .
Photon-SPP coupling for Ag sinusoidal gratings of different amplitudes has been studied experimentally in [4, 5] at visible wavelengths. In [4] , SPPs were excited by electron beams, and the angular position and angular width of outcoupled light at a given wavelength was recorded. In [5] , specular reflection of monochromatic light from gratings revealed dips at certain angles of incidence when light energy was converted to SPPs. Shifts and broadening of the angular resonances with increasing grating amplitudes up to about 10% of λ were reported, but there was no comparison to theory. Hutley and Bird [6] , observing absorption resonances in diffracted light for nominally sinusoidal gratings of amplitude in the range 0:12 λ to 0:7 λ, also reported broadening and shifts. The present LWIR study is of gratings with amplitude in the range 0:01 λ to 0:5 λ.
A number of similar experiments, complemented by numerical simulations, reported effects of grating amplitude on angle or wavelength of resonances in reflection from metallic or dielectric gratings of various morphologies [7] [8] [9] [10] [11] . The longest wavelength in any of these studies was 5 μm [8] . Goals of the present paper include the extension of grating couplers to the LWIR, where the permittivity is significantly different than at wavelengths ≤5 μm and to demonstrate a simple analytic formula useful for the design and optimization of grating couplers.
The most widely cited analytic formulation of the grating coupler problem is that of Hessel and Oliner [12] . A review of all 323 citations of [12] indicates that apparently no application of that formulation to experimental results or SPP coupler design has been published. The formulas are, in fact, somewhat complicated, but this paper demonstrates certain simplifications that facilitate relatively simple calculations of angular resonance spectra. These simplified calculations agree adequately with experiments on lamellar gratings in the 6-10 μm wavelength range, at least for engineering purposes. Though broadening is adequately represented in the calculations, the theory does not predict the small but definite angular shift that occurs with increasing grating amplitude, unless the permittivity is adjusted to account for the increasing surface porosity. These shifts, however, amount to only three-tenths of a degree at the maximum grating amplitude deemed usable for an SPP coupler and, thus, likely will have little impact on SPP coupler applications.
An essential parameter in the theory is the surface-impedance modulation index, M, which is an unspecified function of grating amplitude, wavelength, permittivity, and geometry of the grating. We present empirical values for the modulation index determined by fitting the theory to experimental data for the wavelengths and grating amplitudes investigated here. M is found to vary linearly with wavelength. M varies as a second-order polynomial with grating amplitude up to amplitude values that are still useful for plasmon couplers.
It is possible to obtain a more accurate description of experimental observations using numerical methods [13] [14] [15] [16] . However, it may be difficult to obtain intuitive understanding or interpretation of the observed phenomena without running numerous numerical experiments. Moreover, the codes elaborated from rigorous scattering theories are generally part of very expensive commercial software packages, the learning curve for the use of such packages is steep, and the physics behind the code is often obscure. Hence, there is value in having, as an alternative, simple approximate analytic formulas that optical engineers may use to design a reasonably effective grating coupler.
Experiment
Gratings were formed by evaporation of Ag through a photolithographic mask on top of a 200 nm evaporated Ag film supported by a polished silicon substrate. The supporting Ag film is optically thick in the IR. The period of all gratings was 20 μm and the duty cycle was 50%, but the grating amplitude was varied by varying the evaporation time. Measured profiles (KLA-Tencor) determine the peak-to-peak amplitude h of the gratings and confirm that the grating lines have sharp square edges. IR ellipsometry was completed using a J.A. Woollam IR-VASE on optically thick Ag films deposited by the same procedure without the use of the mask [17] .
The gratings were mounted and aligned on a motorized goniometer. Specular reflection of p-polarized radiation (electric field E in the plane of incidence) from a CO 2 laser (9.250 and 10:591 μm wavelength) was collected by a power meter P as a function of the angle of incidence θ, as indicated schematically in Fig. 1 . Similar measurements were made on the same gratings using a quantum cascade laser (6:14 μm wavelength) and a 77 K HgCdTe detector. Generation of SPPs was indicated by loss of power in the reflected beam for a narrow range of θ.
To confirm the generation of propagating SPPs at the resonance angle, some samples were prepared with a second grating separated by 1 cm from the first, also indicated schematically in Fig. 1 . An IR camera, C, was set up to image this second grating, while all rays from the first grating were blocked from reaching the camera by a screen. With the goniometer, it was convenient to observe the n ¼ 1 outcoupled beam, which propagates in a direction parallel to the specularly reflected beam at an outcoupling angle of θ. No attempt was made to observe the other expected outcoupled beams.
Theoretical Considerations
Hessel and Oliner [12] describe two types of resonances, the usual Rayleigh type, corresponding to the emergence or exit of a diffraction order at grazing incidence, and a type associated with leaky surface waves supported by the grating. The latter are SPPs. They are leaky because they propagate across a modulated surface that leads to outcoupling back into free photons. For metal gratings of rectangular profile in the LWIR, both resonance types coincide to within 0.02% of the incidence angle.
The theory of Hessel and Oliner [12] models the grating as a modulated surface impedance, ZðxÞ, where x is the coordinate in the plane of the grating and perpendicular to the grooves [ Fig. 1 ]. For purposes of obtaining and testing simple design formulas, only the first Fourier component of that modulation is retained here, as represented by
even though the actual gratings have rectangular ridges containing many higher harmonics. The full theory of [12] is more general. The effect of neglecting the higher harmonics is to eliminate higher order SPP Fig. 1 . Schematic of experiment: p-polarized CO 2 laser radiation is incident on the right grating, and specular reflection is monitored as a function of angle of incidence using power meter P. A second grating 1 cm to the left outcouples the SPP that has traveled to it, and this event is imaged with an infrared camera C. The screen S prevents any rays from the first grating from reaching the camera.
resonances from the calculated angular reflectance spectra. In Eq. (1), M is the modulation index (some function of grating permittivity, amplitude, and wavelength) and the grating period is d. The limit for zero modulation is given by
where μ 0 , ε 0 , and 377 Ω are, respectively, the permeability, permittivity, and impedance of free space, while ε 0 and ε″ are the real and imaginary parts of the relative permittivity for the metal. Equation (1) suggests that the average permittivity is also Z 0 , but we note that bulk permittivity values in Z 0 may need to be replaced by effective values for a corrugated surface. For metals in the infrared, we have ε″ ≪ jε 0 j and ε 0 < 0, giving for the relative surface impedance
If the imaginary part cannot be neglected, and with
where ϕ ¼ tan −1 ðε″=jε 0 jÞ. The experimentally determined permittivity values for our silver films are given in Table 1 , together with relative surfaceimpedance values from Eqs. (3) and (4).
The magnetic field of the incident p-polarized wave is H exp½iðk s x − κ 0 zÞ, where the in-plane wavevector k s is related to the incidence angle by k s ¼ k sinðθÞ, and k ¼ 2π=λ. The field of the scattered wave is
where I n is the complex amplitude of the nth spectral order (propagating or not) and
Note that n is an integer taking both positive and negative values. For sufficiently large n, k n is purely imaginary, the nth Fourier component is exponentially damped in the direction normal to the surface, and no diffracted spectral order is present. Otherwise, κ n is purely real, giving the usual propagating spectral orders of the grating. The vanishing of κ n , or identically, the condition for the nth diffracted beam to occur at AE90°, is known as the Rayleigh condition [18] and is the cause of one type of the so-called Wood's anomalies [19] . Here, propagating spectral orders either emerge or disappear. The diffraction equation, dðsin θ n − sin θÞ ¼ nλ (θ n and θ are both positive when on the opposite sides of the normal), gives the Rayleigh condition as sinðAEπ=2Þ − sinðθÞ ¼ nλ=d, which, when satisfied, results in a redistribution of energy among the various orders, including the zeroth (specular) order I 0 . The second form of the so-called Woods's anomalies is a resonance phenomenon, which will now be discussed in terms of the work of Hessel and Oliner [12] . For the geometry previously discussed, the reflectivity, R, is given by
with
Equations (9) and (10) (9) and (10) . This leads to the following approximation for specular reflection
which is valid for the conditions of our experiment. When D 1 reaches a minimum, a dip in specular reflection will occur. The behavior of D 1 is determined by two complex values, namely, the relative surface impedance ζ and κ 1 . We have
and (with ζ″ ¼ −jζ″j for metals) As the incidence angle θ increases from 0, the Rayleigh condition κ 1 ¼ 0 is eventually reached, where the n ¼ 1 diffracted order goes off at grazing angle. Before this occurs, κ 1 is real, both parts of D 1 are positive and slowly varying, and no resonance behavior occurs in this angular regime. When the incidence angle passes the Rayleigh condition for n ¼ 1, κ 1 is pure imaginary and can be written as
which is always positive, and
Equation (15) will go to zero, and the specular reflection will reach a minimum, when jζ″j jκ 1 j ¼ jζj 2 k. This immediately leads to the condition for resonance-type anomalies in terms of the relative surface impedance as
A feature of the observed reflection anomalies is their asymmetry. To clarify the origin of asymmetry in the resonance line shapes, Eq. (7) is rewritten in terms of the real and imaginary parts of each of the complex factors as
In Eq. (17), ζ is taken to be purely imaginary as in Eq. (3). The vanishing of D 1 causes a derivative-like resonance line shape in A 1 0 and an asymmetric peak in A 1 ″, while all other factors in Eq. (17) vary slowly with θ.
When more terms are kept in the continued fractions of Eqs. (9) and (10), progressively weaker resonances can be observed whenever D n ¼ 0. The weakening of the resonances with increasing order results from the neglect of higher harmonics in the Fourier expansion of the grating [Eq. (1)], but including these harmonics results in a much more complicated formula for R. Consequently, we limit our calculations to the n ¼ 1 resonance, although our experiments reveal also the n ¼ −3 resonance. This should still permit adequate SPP coupler design.
According to the discussion above, minima in R [Eq. 
This "guided surface wave" must be identified with the SPP of modern literature, because their wavefunctions are the same [12, 20] . The usual expression [20] for the launching of an SPP by a grating is
where k spp is the complex SPP wavevector and n is an integer of either sign. Our experiment considers only positive angles of incidence θ.
Equations (18) and (19) give resonance angles that differ by an insignificant 0.001% for Ag gratings. Figure 2 presents a graphical representation of the SPP resonance condition of Eq. (19) as it pertains to our experiment. The horizontal axis is the real part of the SPP wavevector, or the component of the incident photon wavevector in the plane of the grating. The vertical axis is the SPP photon energy. The solid lines are SPP dispersion curves, which are close to, but fall below the grazing-incidence light line with slope ℏc. The dashed curves are light lines with slope ℏc sinðθÞ. All incident angles in our experiment are on the same side of the surface normal and are thus positive, giving positive slopes. The origins of the dashed curves are shifted by integer multiples of the grating momentum k g ¼ 2π=d. The shifted light lines intersect the SPP dispersion curves at energies corresponding to the two CO 2 laser wavelengths used in this work, as indicated. The angles of incidence necessary for an intersection at the proper CO 2 photon energy determine the positions of the resonance absorptions, where SPPs are generated. These angles θ, determined from Eq. (19) for curves a, b, a 0 , b 0 , are 32:5°, 22:8°, 28:1°, and 36:1°, respectively. Note that, for the intersections with curves b and b 0 , the SPP momentum is negative while the in-plane component of the incident photon is always positive.
Results
The experiment represented by the Fig. 1 schematic was performed, and outcoupled light was imaged with the IR camera as coming from the second grating when incoming p-polarized light is incident on the first grating at the resonance angle determined by Eq. (19) for n ¼ 1. This confirms the generation of a propagating SPP. The light outcoupled at the second grating was confirmed to be highly directional. It was not a diffuse scattering and could only be observed when the IR camera was precisely positioned at the expected outcoupling angle. With the goniometer at the n ¼ 1 incoupling resonance, it was inconvenient to observe outcoupled beams for n ≠ 1, and these were not looked for. The calculated characteristic propagation length for SPPs on noble metals at the CO 2 laser is ∼1 cm [3] , which is the same as the distance between the two gratings. In samples for which the separation was 2 cm, no outcoupled light from the second grating was detected.
For the n ¼ −3 incoupling resonance, the generated SPP propagates opposite to the direction of the in-plane component of the incident wavevector [ Fig. 2] . It was experimentally inconvenient to observe outcoupled radiation at a second grating placed to the right of the first [according to Fig. 1 ]. Consequently, generation and propagation of an n ¼ −3 SPP was not directly confirmed by observations. This higher order SPP generation was inferred from the observed dip in reflection from the first grating. Figure 3 (inset) presents a measured Ag-grating profile before (thin curve) and after (thick curve) it was annealed for 30 s at 850°C. Before annealing, the profile is rectangular. After annealing, the profile has become more sinusoidal, except for small bumps on the edges of each line. Figure 3 presents the Fourier transform of the grating profiles in the inset (including additional periods), with labeled peaks corresponding to the multiples of the fundamental spatial frequency. The as-deposited profile (thin curve) has clear Fourier components up to six times the fundamental. The annealed profile (thick curve) has mainly the fundamental, with a small contribution at five times the fundamental to account for the bumps on the edges. Notable for the experiments reported here is that the peak corresponding to three times the fundamental is strongly attenuated by annealing. As will be shown, the effect is to strongly reduce the SPP coupling for n ¼ −3. Note that the strength of the fundamental is also reduced by annealing, which has the effect of reducing the n ¼ 1 SPP coupling. Figure 4 presents the reflected intensity as a function of angle of incidence for the Ag grating with 1 μm amplitude, before (thin curve) and after (thick curve) annealing, for two different CO 2 laser wavelengths. Two resonances are observed at each wavelength, corresponding to different amounts of grating momentum added to allow generation of a surface plasmon. A third resonance predicted near normal incidence is inaccessible to the experiment. Calculated resonance angles θ from Eq. (19) with permittivity values from Table 1 are indicated by symbols. The observed resonances are labeled by the corresponding n value from Eq. (19) . These resonances are approximately symmetrical about the Littrow angle sin θ L ¼ −mλ=2d for m ¼ −2, similar to [6] . The n ¼ −3 resonance corresponds to an SPP momentum that is opposite the in-plane component of the incident photon momentum [ Fig. 2] .
The unrepeatable sloping baselines in Fig. 4 , due to laser power drift, can be ignored. Otherwise, the baseline at the Littrow angle is higher (lower) for λ=d greater than (less than) the value 1=2, as was noted in [6] . If λ=d ¼ 1=2, we would have the n ¼ þ3 and −1 diffraction orders passing simultaneously off the grating horizon for θ ¼ 30°. We have chosen λ=d valves on either side of the value 1=2. As θ sweeps through the range of observation for λ=d > 1=2, the number of allowed diffracted orders (not including spectral reflection), changes from 3 to 2 and back to 3. This explains why the power in the specular beam is higher in the central region, where the total outcoupled power is shared only among two spectral orders as opposed to three. When λ=d < 1=2, the number of diffracted orders follows the sequences 3 → 4 → 3, so that the opposite situation holds for the specular intensity when compared to the previous case.
From Fig. 4 it is clear that, first, the n ¼ −3 resonance nearly disappears for the annealed sample. Second, the n ¼ 1 resonance is reduced in amplitude. Third, the resonance angle undergoes a small shift, with the positions for the annealed sample being closer to the calculated positions. Fourth, the n ¼ −3 resonance angle exceeds the n ¼ 1 resonance angle at the 10:591 μm excitation wavelength, while the opposite is true for the 9:250 μm excitation wavelength. Figure 5 presents the experimental reflected intensity at the two different CO 2 (19) of 32:52°and 28:07°, with the discrepancy possibly due to systematic error from the estimate of the origin of the angle scale. The resonances are deepest at h ¼ 1 μm, but by 2 μm they are strongly deformed and broadened. As in Fig. 4 , the n ¼ 1 and n ¼ −3 resonances switch places when the wavelength is changed from one extreme value of the CO 2 laser range to the other. The n ¼ 1 resonance is always sharpest on the side of low angles, and the baseline of the reflection is lower on that side. For n ¼ −3, the opposite holds. Figure 6 presents calculated resonance spectra, according to Eq. (11) . Because a sinusoidal surfaceimpedance variation is assumed with no higher harmonics [Eq. (1)], we see only the n ¼ 1 resonance, as in Fig. 4 , for the annealed grating. The observed resonance peaks for the smallest h value are 32:52°a nd 28:07°, in exact agreement with the values calculated from Eq. (19) . In this figure the surfaceimpedance modulation amplitude M was the only fitting parameter, and its value was adjusted until the calculated curves had the best qualitative agreement with the observed curves. For h ≤ 1 μm, the depth of the resonance was the main factor in judging the goodness of the fit. For h > 1 μm, the lines are distorted, so that other considerations, such as the amplitude of the baseline on either side of the resonance, came into play. Notable differences between theory and experiment are in the upward spikes and the absence of any shift in the theoretical resonance positions with increasing h. For grating depths up to ∼10% of the LWIR wavelengths, the angle at which the reflectance minimum occurs is described by the surface plasmon resonance condition to within a few tenths of a degree.
The Hessel and Oliner [12] theory predicts very sharp features with widths less than 0:05°that we do not observe experimentally. Thus, for our calculation, we have chosen a step size of 0:05°, which seems reasonable as a bound on the angular resolution of our experiments. The sharpest features observed have widths of about 0:2°. The sharp calculated features broaden at grating amplitudes ≥2 μm such that an angular resolution of 0:5°was required to eliminate them. This suggests that these sharp structures may be theoretical artifacts. Figure 7 (inset) compares, in detail, the calculated and observed resonances for h ¼ 0:5 μm and λ ¼ 10:591 μm. Curve shape and depth were the primary considerations in judging the fit. Because the theory fails to account for the shift that occurs with increasing h, the calculation is shifted horizontally by ∼0:1°to match the data. Because the experiment does not give absolute reflectance, the calculation is also shifted vertically. For h > 1 μm, the distortion of the observed resonances and increasing disagreement between calculated and observed line shapes leads to larger uncertainty, so these data are left out of the Fig. 7 fits. Two effects are clear in Fig. 7 . The surfaceimpedance modulation depends nonlinearly on grating amplitude, and it depends on the IR wavelength. The curves in Fig. 7 are fits of the function
Fit values of α and β are given in Table 2 . Figure 8 shows that the coefficients α and β are nearly linear functions of λ. Curves in Fig. 8 are fits to the functions (22) gives a function for the modulation parameter:
Thus, an empirical formula for the surfaceimpedance modulation parameter Mðh; λÞ has been found for silver lamellar gratings in the mid-IR to LWIR. Figure 9 presents a contour plot of empirical M values. At short wavelengths, M increases more rapidly with h than at larger wavelengths. This simple form for the modulation index appears useful for grating heights up to ∼15% of the IR wavelength. 
Discussion
Measured resonance angles deviate from the calculated ones as the grating amplitude is increased. However, this shift amounts to only a few tenths of a degree at the maximum grating height that still gives a deep well-defined resonance. The shift may, therefore, be considered a secondary effect in the design and optimization of an SPP coupler, where the primary consideration is photon-to-SPP energy conversion. The observed shift in Fig. 4 toward the calculated angles for the annealed 1 μm grating is likely due to the 30% reduction in its amplitude to a value that should give an angular deviation of only ∼0:1°. An effect on the angles due to the change in profile from rectangular to sinusoidal need not be invoked. The higher harmonics involved in a rectangular profile lead mainly to higher order SPP resonances.
Though the theory [12] predicts no shift in resonance angle with grating amplitude, in contrast to the clear observations reported here and by others [4, 5] , and though we have concluded that such shifts are of secondary importance, there is at least a semiempirical way to account for them. The theory depends on the complex permittivity, which may be replaced by an effective permittivity for structured metals. For n ¼ 1, we take the positive sign in Eq. (19) , and an increase in k spp causes an increase in the resonance angle θ, as observed for the n ¼ 1 resonances in Fig. 5 when the grating amplitude is increased. If n ¼ −3, we take the negative sign in Eq. (19) , and an increase in k spp leads to a decrease in θ as is observed in Fig. 5 for n ¼ −3 with increasing h. Thus, observed angular shifts can be adequately explained by shifts in the SPP dispersion curve toward higher wavevector values with increasing grating amplitude, as reported in [4] for e-beam excited SPPs at visible frequencies on sinusoidal Ag gratings. According to Eq. (19) , if ε is reduced, then k spp moves to larger values further from the light line (k ¼ c=ω). Thus, the observed shift in resonance angles can be explained by a reduction in the permittivity as the surface becomes more and more structured and porous. A reduction in effective permittivity for a structured metal makes intuitive sense and has precedent [21] , though it is possible to explain the shifts without such reductions by numerical methods [13] [14] [15] [16] .
There appears to be no clear theoretical relationship between the surface-impedance modulation parameter M and the experimental parameters h and λ. Neviere and Vincent [22] give a relation for the grating surface impedance that is proportional to ðh=λÞ cos 2 ðθÞ if h ≪ λ=π. This fails to account for the observed curvature [ Fig. 7] . Moreover, the linear dependence on wavelength that we find is not in agreement with a λ −1 dependence.
Wirgin and Maradudin [23] give a surfaceimpedance function Z that depends on λ, h, d, grating duty, and θ. However, their modulation parameter M is not a function of h, but instead the grating duty cycle and d. Depine and Brudny [24] give a simple relation M ¼ h=d for the modulation parameter in the Hessel and Oliner [12] surface-impedance model. This lacks curvature with h, and it has no λ dependence, in contrast to what is expected [12] or observed. References [12, 22, 23] indicate that SPP resonances are observable in reflection gratings only when the grating amplitude h < λ=½4 cosðθÞ. For our CO 2 laser wavelengths (9.250, 10:591 μm) and the angle of resonance for the first order, the limiting amplitude is about 3 μm, which is in reasonable agreement with the value h ¼ 2 μm, where the observed resonances become strongly deformed.
At the LWIR wavelengths studied, we found, both experimentally and theoretically, that the optimum grating amplitude that gave the deepest well-defined resonance was about 10%-15% of the wavelength. The resonances were much weaker at a 5% grating amplitude. This contrasts with [13] , which reported that in the visible on sinusoidal gold gratings, the optimum h=λ was in the range of 3%-6% and decreased as the wavelength increased. We doubt that there is a fundamental difference in the behavior of sinusoidal and lamellar gratings, as each of the Fourier components for the latter appears to be acting independently, and the resonances due to each are well separated in the spectrum. It appears instead that in transitioning an SPP coupler to the LWIR, it is insufficient to merely scale all grating dimensions according to wavelength.
In conclusion, we have presented an approximate analytic formula for use in the design of SPP grating couplers. This approach relies on an impedance modulation parameter, which we have determined empirically by fitting the measured coupling of photons to SPPs for silver lamellar gratings at 6-11 μm wavelengths. The dependence of the surface-impedance modulation amplitude on wavelength and grating amplitude agrees poorly with the published expressions. Therefore, without an accurate theory for the dependence of the impedance modulation parameter on wavelength, material, and grating amplitude, a phenomenological dependence must be established so that the approach may be applied widely to the optimization of grating couplers.
